Abstract: In this paper we propose a method for the construction of a new set of tessellations of the hyperbolic plane based on the Farey series. Among the possible applications, these tessellations can be used for source coding.
INTRODUCTION
The analysis of hyperbolic tessellations has led to applications in several contexts such as in the construction of geometrically uniform codes [1] , topological quantum codes [2] , and in signal set designs. Recent results, [3] , show that the best performance of a digital communication system is achieved when designed on surfaces of constant negative curvature. This is the reason why several works have been done in order to show the importance of introducing the concepts of surfaces with constant negative curvature in the design of communications systems.
One of the reasons to propose the construction of hyperbolic tessellations is due to the fact that new procedures for code construction may come at hand such that the problem of coding geodesic may be realized.
By use of the Farey series, in this paper we propose a method for the construction of new tessellations of the upperhalf plane model of the hyperbolic geometry by the union of triangles.
These tessellations have fundamental regions consisting of polygons with more than 3 edges and their properties are related to the characteristics associated with the Farey series, and so are good candidates for use in applications such as in the transmission of information. As an example, in [4] it is made use of tessellations considered in this paper in order to propose an arithmetic coding method for ternary discrete memoryless sources. This paper is organized as follows. In Section 2 basic concepts necessary to the development of the paper are presented. In Section 3 new tessellations based on the union of the triangles derived from the Farey tessellation is shown. In Section 4 an application to a ternary source coding problem is taken into consideration as an example. Finally, in Section 5 the concluding remarks are drawn.
PRELIMINARIES
Let 2 , that is, R ∪ {∞}. A Fuchsian group is a discrete subgroup of P SL(2, R). Every Fuchsian group has associated with it a fundamental region or a fundamental domain, [5] . This region is established by the generators of the group and this region is always connected and convex.
The action of a Fuchsian group on the fundamental region implies in the covering of H 2 . Geometrically, the tessellation of H 2 may be viewed as a partitioning of the hyperbolic plane in non-overlapping regions (polygons).
Let F m be a Farey sequence of order m. Hence, F m consists of a series of irreducible fractions whose denominator does not exceed m, that is, P Q with |P |, |Q| ≤ m arranged in increasing order. If P Q belongs to F m , 0 ≤ P ≤ Q ≤ m, P and Q are coprimes and the value 0 is included under the form 0 1 . Therefore,
and so on. The Farey series has many interesting properties, among them we mention the following results, [6] , Theorem 2.1 If P/Q, P /Q and P /Q are three consecutive terms of F m , then
Theorem 2.2 If P/Q and P /Q are two consecutive terms of F m , then
If for each value of m, m ≥ 1, the consecutive terms of F m are joined by a geodesic, then the tessellation of H 2 is called Farey tessellation. Fig. 1 illustrates part of the tessellation. 
TESSELLATIONS OF H 2 BY ELEMENTARY POLYGONS
In this section a new set of tessellations will be presented whose corresponding fundamental regions consist of polygons with 2n edges obtained from the Farey series. Note that the fundamental region of the Farey tessellation, shown in Fig. 1 , is a hyperbolic triangle.
An interesting fact is that by doing the union of the edges of the corresponding mirrored triangles with respect to the middle point of the interval [0, 1], leads to a tessellation whose fundamental regions consist of 2n edges. Fig. 2 illustrates the case of a polygon with four edges. Consider the triangle formed by the geodesics C(γ(∞, 0)), C(γ(0, 1)) and C(γ (1, ∞) ).
This triangle is called fundamental triangle, as shown in Fig. 3 . With the aim to analyze the existing relationships among the fundamental triangles we need to establish a notation for the identification of each triangle. Let v 1 , v 2 and v 3 be the vertices of a triangle such that
If each triangle is identified by (P 3 ) v1,v3 (with v 1 , v 2 , v 3 ∈ F m ) where v 1 and v 3 are the vertices with the greatest Euclidean distance and by making use of the properties of the Farey series, it is always possible to obtain v 2 from the other two vertices. Looking again at the Farey tessellation as shown in Fig. 1 , we see that below the fundamental polygons there are two types of triangles which may be classified according to the distance between their vertices. This characteristic is identified by an index X. Let d(v 1 v 2 ) be the Euclidean distance between the two vertices v 1 and v 2 . When
From the index X, each triangle is denoted by (P 3 )
v1,v3 X . Now, several triangles have in common a pair of vertices and an edge, and in some cases, more than one triangle has the same vertex. In order to refer to each one of these triangles in a sequence, we consider an index i such that the least its value is, let us say i, the greater the value of d(v 1 v 3 ). The value of i indicates the position that a triangle occupies in the sequence.
For instance, consider a sequence of triangles that has a left vertex in common, that is, (P 3 )
E3 ,... as can be seen in Fig. 4 means that these two triangles have a pair of vertices and an edge in common, that is, (v c , v i and C(γ(v i+1 , v i ))).
By having vertices with values in the Farey series, these triangles present several interesting properties, many of which will be considered in this paper. The first property establishes how from an elementary triangle, we may know 
This property becomes clear when looking at the Farey tessellation. However, it may be proved by using the results from Theorems 2.1 and 2.2.
It is from the construction of the elementary polygons that we obtain new tessellations of H 2 . In order to identify these polygons it will be used a notation similar to the one used in the case of the triangles, where instead of using (P 3 ) it will be used (P 2n ) indicating that a polygon has 2n edges. Definition 3.1 Consider a set consisting of 2n triangles such that its union form a polygon with 2n edges denoted by:
where v 1i , v 3i ∈ F m for some m > 3, k i ≥ 1 and the value of n correspond to the number of triangles of the type E or
denotes the polygon of the type
denotes the polygon of the type F D (Right Bundle).
In this way, every polygon will be classified either as F E or F D. And so, using the previous notation, we may, for instance, represent the polygons with four edges in the following way: Definition 3.2 A polygon with 4 edges will be denoted by:
when it is of the type E and by,
when it is of the type D, such that the polygons will always be disjunct. 
D2
. By applying Theorem 2.1 to the consecutive vertices of each polygon allows us to generalize the previous results. For instance, from the case 2n = 4 we arrive at Theorem 3.1, whose proof will be omitted, however it is a consequence of using Theorem 2.1 and Property 3.1. For X = E we have:
E2i
.
•
For X = D we have:
D2i
In the same way as in the Farey tessellation, we may see that there also exists an alternate of polygons of the type F E and F D, see Fig. 2 .
Using the same procedure for realizing the union of the triangles employed to generate the polygons with four edges, if the triangles are taking together and joined four-by-four, six-by-six, eight-by-eight, a new set of tessellations of H 2 may be obtained with polygons with 2n edges. In this case, one can see by induction that the union of 2n − 2 triangles results in a polygon with 2n edges. For the polygons located below the elementary edges of the fundamental polygon, we have that a polygon with 2n edges will be formed by the union of 2n − 2 triangles with consecutive indices. Consequently, for the tessellations of H 2 formed by polygons with 2n edges, it is possible to establish the following result.
Theorem 3.2
The fundamental polygon with 2n edges of a tessellation is formed by the union of the following elementary triangles:
For the case 2n = 4, and by observing the corresponding tessellation in Fig. 2 , we can see that there exists an alternance between the polygons of the type F E and F D. This characteristic will always be present in the tessellations formed by polygons with 2n edges. As a consequence, Property 3.2 Let (P 2n ) 0,∞ E0 be a polygon with 2n edges. The polygons below the fundamental polygon will always be of the form: A general formula to obtain the vertices for each polygon with 2n edges can also be obtained.
APPLICATION
In this section an application of the new set of tessellations for coding of geodesics as tree codes is presented. We refer the reader to [4] for further details.
From the tessellations formed by polygons with 4 edges, it is possible to obtain a source coding procedure, similar to the Elias method, for the output of a discrete memoryless source, [7] . This method, denoted by CPNI, may be seen as a binary representation of segments of a geodesic belonging to P SL(2, Z). By assumption, this geodesic is a hyperbolic transformation, that is, it has two roots. These roots satisfy the property that one of them belongs to the interval [−1, 0] and the other one is greater than 1.
The fractional part of the root greater than 1 may be seen as the probability of occurrence of the corresponding geodesic. We denote this probability by ρ. Note that there exists only one geodesic associated with these two roots. From the tessellation formed by polygons with 4 edges, we may interpret each such a geodesic as a path in a tree with probabilities.
To generate a codeword, we have to look up the j-th representation of ρ in the subinterval in which it is located. As occurs with the Elias method, the CPNI method has also a precision problem, which may be solved by use of a scale strategy. The results coming out of the application of the Elias method and the CPNI method for 600 sequences with length 5, 7, 9 and 11 from 15 distinct ternary sources may be seen in Table 1 .
It may be seen that without the use of the scale factor, the CPNI method presents a performance which is a little better than the Elias method. In the average, the Elias method compacts sequences with 1.41 bits with less than the necessary for conveying the information in the original message whereas the CPNI method compact sequences with 1.71 bits less than the same previous sequences. Using a scale strategy (third row in Table 1 ) it is possible to compact messages with a reduction in the mean of 2.60 bits. 
CONCLUSIONS AND FINAL REMARKS
In this paper we have proposed a systematic procedure in order to generate new sets of tessellations of H 2 based on the union of triangles whose vertices belong to the Farey series.
A general formula for obtaining the tessellations formed by polygons with n = 4 edges, with n > 1, was established in Theorem 3.1, one of the contributions of this paper. From Theorem 2.2 and Property 3.1 generalized formulas can be obtained for the fundamental polygon as well as for the vertices, for the general case.
Therefore, the procedure of constructing this set of tessellations provides a new perspective of hyperbolic tessellations to be used in the design of signal sets, geodesic coding, and so on.
